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The equations of chemical evolution

dM

dt
= f

dM
s

dt
=Y - E

dM
g

dt
= -Y + E + f

M =M
g

+M
s

M = total mass of the system

Ms = total stellar mass 

Mg = gas mass

 = Star Formation Rate, SFR 

E = mass ejection rate from stars

f  = fin – fout = net flux of gas
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The evolution of the gas metallicity
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Z   mass of metals incorporated to newly forming stars 

Zin fin  mass of metals in the inflowing gas  

ZoutFout  mass of metals in the outflowing gas 

Ez  amount of metals ejected by evolving stars 
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The rate of metal ejection

• The ejection of matter by stars takes place during the post main 

sequence evolutionary phase.

• The ejection rate is related to the number of stars which leave the 

MS at a given time. 

E( t )= ( m-w
m

m
t

m
u

ò )Y ( t -t
m
)f ( m,t -t

m
)dm

m                      mean MS  life time of stars of initial mass m
ϕ (m, t-m)     IMF at the time of formation of stars with initial mass m

(t-m)  mass of stars formed in the (t-m)

wm  remnant of a star of mass m
(m-wm)  mass ejected by a star of mass m

February 2025 Element abundances and the chemical evolution of the cosmos         Ángeles I. Díaz 4



The mass of ejected gas
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• The first term of this equation represent the amount of new elements 

synthesised inside stars. 

• The second term represents the amount of metals that were already in the 

gas from which a new stars formed.

• pz,m is the amount of element z created inside stars of mass m and Z(t-τm) 

is the metallicity if the gas at the time of  formation of new stars.
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Primary and secondary elements
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• In the previous equations pz

represents the stellar yield of a 
primary element. 

• A primary element is entirely formed 
inside stars from the H and He 
initially present in them. 

• On the contrary, a secondary 
element is synthesized from a seed 
element previously existing in the 
stellar interior. 

• Secondary element can be 
synthesised only in second (and 
higher)  generation stars. 

• The mass ejection of a secondary 
element, X, is:

This equation is similar to the one

written for EZ, but contains two 

terms: the first one represents the 

amount of element synthesised and 

the second one the amount of 
recycled element.

The first term depends on the pre-

existing metals in the star.
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The equation of conservation of metals
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where   <Zs> is the average content of metals in stars. 
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Analytical approximations

Therefore, to know the chemical evolution of a system requires the 
resolution of a coupled differential equation system with four time-
dependent variables:

 , ϕ, f , Zs

The problem can be somewhat simplified under the following 
assumptions:

The IMF does not depend on time  ϕ(m, t-m)  ϕ(m)

Instantaneous recycling approximation (IRA): The stars with masses 
m ≤ m1 are on the MS and  live forever and the stars with masses 
m> m1 dye a soon as they are formed 

• (t-m) t in the equations for calculating the ejected gas rate and the 
conservation of metals, and 

• mt m1 in the mass limits for integration.
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The Instantaneous Recycling Approximation 

(IRA)

In this framework, two definitions are made:

The Returned Mass Fraction: 

that is, the amount of mass that a star generation returns back to the ISM.

The net Yield of element i

that is the mass fraction of the element i newly produced by a generation 
of stars relative to the fraction of mass locked inside remnants and never 
dying low mass stars (m ≤ m1).

If the IFM is assumed  universal, R and  yi are constants that 
depend only on stellar evolution.
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Time independent IMF and IRA
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Time independent IMF and IRA
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Time independent IMF and IRA: metal 

conservation

For a primary element: 

For a secondary element

In many cases, X<<Z and we can assume  Z-X  Z.

The equation of conservation of secondary elements is then:
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Analytical estimate of yields

The metals produced during the total life of the system are

where T is the total SFR during the history of the galaxy. 

Taking into account that
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Analytical estimate of yields

Therefore

Defining the gas fraction --  -- by 

we have:  

For a given region, if the average stellar metallicity, the present ISM 
metallicity and the gas fraction can be known, then the net yield of a 
given element can be estimated. 

This result shows that   <Zs>→ yz when  →0. 

For the SN,  ~0.05 y el yield yz 0.8 Z

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Estimating the Star Formation History 

(SFH) of the SN

To estimate the SFH of the SN we can write:

The measurements of the metallicity of the stars in the SN gives 
the stellar mass as a function of Z.

The Luminosity of F stars in the SN compared to F stars in the 
ZAMS (zero age main sequence) together with their metallicities 
provides the age-metallicity relation – dlogZ/dt – .

This exercise shows that simple analytical approximations already 
predict many more stars of low metallicity in the SN than observed 
 “G dwarf problem”
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The G dwarf problem
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The simple model

A closed box system (there is no exchange of matter with the exterior) + IRA + 

instantaneous mixing.

f=0  

Dividing one equation by the other:

yz is given by stellar evolution and is, in principle, constant

Initially,  Mg0=M and  Z0=0, hence

        with solution:
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The effective yield

In relation to the simple model of chemical evolution we can define 

the “effective yield” as the yield a system would have if it evolved 

as a closed box and would be described by the simple model.

For open systems yz,eff < yz .

The only way to increase yz would be to assume an IMF wighted

towards massive stars.

y
z ,eff

=
Z

ln(1 / m )
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Failures of the simple model

Let us consider the cumulative distribution of the stars form up to the 
present time. Observationally, these are stars of type G and later. 

The fraction of stars formed when the gas fraction was greater than or 
equal to  is:

These stars were formed when the gas metallicity was: 

Zg yz ln -1

The fraction of stars with metallicities smaller than or equal to Z – S(Z) –
is:

We can eliminate the yield using to obtain:
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The G dwarf problem

In the SN Zg~ 0.7 Z


Mg(0) = M*(present)     +    Mg(present)

Z(0)=0   yz= 0.43 Z


50% of the stars in the SN should have metallicities lower than 
0.25 times solar. However, only 2% of the G dwarfs show such low 
metallicities.

The closed box simple model cannot reproduce either the 
abundance gradient observed in the Galaxy.

40M

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
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z

» 0.54

February 2025 Element abundances and the chemical evolution of the cosmos         Ángeles I. Díaz 20



Suggested solutions to the G dwarf problem

1. Stellar migration (Grenon, 1989, 1990)

2. Higher yields in the past (Schmidt 1963)

3. Metal enhanced star formation (Talbott & Arnett 1973, 1975)

4. Prompt initial enrichment (Truran & Cameron 1971)

5. Infall (Oort, 1996; Larson, 1972)

6. Mergers (Nagashima & Okamoto, 2006)
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Taking gas flows into account

The closed system model is not realistic in most cases. 

The are evidences for accretion (`infall´) of matter onto the 

galactic disc. 
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The extreme infall model

In this model the gas infall balances the star formation rate  la 

the mass in the ISM remains constant. 

In this case:
dM
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The solution in the frame of the extreme 

infall model

Integrating:

If at galaxy formation Z0 = 0 and Zf = 0 then

And if initially the galaxy was made out of only gas: 

→ and Z1→yz when →0
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The Mass-Metallicity relation for 
galaxies

We can write the total mass of metal formed during the history of a 

given galaxy as:

Using IRA:
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The mass-metallicity relation for 
galaxies

For elliptical galaxies there are two possible alternatives: 

The SN rate at the beginning was very high thus producing 
important winds . Since the number of SN should be 
proportional to Ms, we have:

Assuming a relation between mass and radius sucha as:

Hence: 

To reproduce the observed value of ,                ,  = 1.5
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The mass-metallicity relation for galaxies

Ellipticals form by collisions with other proto-galaxies.Las elípticas 
se forman mediante colisiones entre protogalaxias. 

If the star formation efficiency depends of the system mass:

Taking into account that 

we get: 

The observed relation                      requieres  p ~ 1/3

In both cases Zs →yz and, at some point, the relation will flatten.
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The time scale of chemical evolution

Time scale for time consumption: in the absence of accretion, 

How long would it take to consume all the gas? 

In the SN, Mg ~5.7 M


pc-2 y la SFR is =4.2M


pc-2Gyr-1. For 

R ~ 0.4, the gas should be consume in a time scale of * ~ 2 

Gyr, much less than a Hubble time. 

Time scale for chemical enrichment:
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Other infall models: models with outflow 

and no infall

In these models fin= 0 and the outflow is parameterised as: 

where λ > 0.

Assuming IRA and instantaneous mixing, we have: 

The case λ=0 corresponds to the closed box model

f
out

= l(1-R)y( t )

Z =
y
z

(1+ l )
ln[ 1+ l( )m-1 - l ]
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Other infall models: models with infall and 

no outflow

In these models fout=0 and the inflow is parameterised as: 

where Λ > 0 and Λ ≠ 1

Assuming IRA and instantaneous mixing, we have: 

Λ=0 corresponds to the close box model.

Λ=1 corresponds to the extreme infall model.

f
in

= L(1-R)y( t )

Z =
y
z

L
[1-(L -(L -1)m-1 )-L /(1-L ) ]
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Time varying infall

First introduced by 
Lynden-Bell.

His Best Accretion Model 
(BAM) is “an exactly 
solvable accretion model 
in which the gas mass 
rises to a maximum and 
then declines” with time. 

In fact, this model gives a 
rather prompt initial 
enrichment automatically.

M (≥ 1) is the final mass of the 

system in units of its initial mass.  
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Clayton models

This is a simple model (it assumes IRA and instantaneous mixing).

The infall is truncated at some time t0 and is zero thereafter.

The SFR is linear with the mass of gas. 

is the instantaneous rate at which the current 

Mg(t) is being replenished by the current infall f(t)
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Clayton models

Age-metallicity relation Stellar metallicity distribution

This model does not produce enough metallicity gradient as compared with observations
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Model comparison
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Two-zone models : Pagel (1989, Rev. 

Mex. Astron. Astrof. 18, 161)

Hartwick's (1976) modified model for the halo and Clayton's (1985, 1988)

analytical inflow formalism for the disk are presently used to formulate a self-

consistent, analytical chemical-evolution model for the disk and halo of the

Galaxy in the solar neighborhood; both formalisms are modified to permit a

time delay between the production of such elements as O, and the alpha-

elements, r-process elements, and such 'delayed' elements as the s-process

products. The model is found to conform well with such traditional constraints

as star formation rate behavior and the G dwarf problem; model predictions

also suggest that enrichment, as a function of time, is an important effect, and

that the s-process is 'primary'.
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A two-zone model for

 The Galaxy

Is a model with two zones: disc + halo. 

The gas falls from the halo onto the disc at a rate: (t) = cte = f(R)

Defining the dimensionless variable 

     we have the equations: 

     

     

     where s stands for mass in stars, g stands for mass in gas, F is the

     mass inflow and g0 is the initial mass of the systems before any stars

     were formed. 
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Pagel and Tautvaisiene, 1995

MNRAS, 276, 505

Each stellar generation ejects a mass fraction, q1, of newly 

synthesised elements and a mass fraction,  q2, after a time delay 

.                     and                    are their respective yields and

• Note: α is the locked mass fraction (1-R) in the IRA.
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Pagel and Tautvaisiene

Taking Z = Z1 + Z2 where Z1 and Z2 represent instantaneous and delayed 
production we have:

To reproduce the oxygen abundance distribution of G dwarfs, a 

functional form of infall of the type:

is assumed, with K = 3, u0 = 1.3 

La composición del gas que cae es primordial hasta un tiempo u1= 0.14, 
a partir del cual p1

O = 0.7 Zsol .

La evolución del disco comienza cuando f0
O = 0.08.
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Pagel & Tautvaisiene’s goals
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Pagel & Tautvaisiene’s results
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Pagel & Tautvaisiene’s  results
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Pagel & Tautvaisiene’s  results
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Models with metallicity dependent yields
Peimbert & Serrano 1982, MNRAS,276, 505 
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In this model it is assumed that y = y(Z)
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Abundance gradient production

Any model must reproduce the observed gradients.

From a theoretical point of vie, we can analyse directly the differential equations:

• con 

and obtain the time derivative of the gradient:
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How to produce abundance gradients
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Abundance gradients w.r.t. the 

Simple Model 

Edmunds’ Theorems
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